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.
• a ≡ a ( )
• a ≡ b b ≡ a ( )
• a ≡ b, b ≡ c a ≡ c ( )
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G = Z

�

, n .

a ≡ b ⇔ a − b n

�

.

n = 5
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.
• a − a = 0 5
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• a − b 5
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, b − a 5
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• a − b, b − c 5
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a − b − (b − c) = a + c 5
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G = Z + iZ (Gauss )

�

, Gauss a + bi
.

x ≡ y ⇔ x − y a + bi .

�

.
G = x
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C

�

,
h(x) .

f(x) ≡ g(x) ⇔ f(x) − g(x) h(x)
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G ≡
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1 G = Z, a ≡ b ⇔ a − b 3
�
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�
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• 0
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3, 6, 9, . . . , 3n

• 1
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4, 7, 10, . . . , 3n + 1

• 2
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5, 8, 11, . . . , 3n + 2

�
. � �
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2 G = Z
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,
a ≡ b ⇔ a − b 8
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,
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3 G = R[x] ( )

�
,

f(x) ≡ g(x) ⇔
f(x) − g(x) x2 + 1

�

,
�

.

• f(x) x2 + 1 �

� �

, ax + b

� �

, f(x) ≡ ax + b.

• ax + b ≡ cx + d a = c, b = d�

,
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• G = Z, a ≡ b ⇔ a − b 3
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,
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{0, 1, 2}
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{−1, 0, 1}
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• G = Z, a ≡ b ⇔ a − b 8
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(1/4)
G = Z ,

a ≡ b ⇔ a − b n

�

,

�

. a {a}
� � � �

. a, b ∈ G , {a} x, {b}
y

� �

, x, y

x + y ∈ {a + b}, xy ∈ {ab}

.

�

{a}, {b} ,

{a} + {b} := {a + b}, {a} · {b} := {ab}

�

.
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(2/4)
n = 5

�

.

{12} + {3} = {12 + 3} = {15} = {0}

= {2 + 3} = {5} = {0}

{2} − {8} = {2 − 8} = {−6} = {4}

= {2−3} = {−1} = {4}

{13} · {11} = {3 · 1} = {3}

{3}4 = {34} = {81} = {1}

{3}17 = {3}16 · {3} = {34}4 · {3} = {3}
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n �

�

. . n = 5
�

,

{2} ÷ {3} = {12} ÷ {3} = {12 ÷ 3} = {4}

{1} ÷ {3} = {6} ÷ {3} = {6 ÷ 3} = {2}

n = 7

�

,

{3} ÷ {4} = {24} ÷ {4} = {24 ÷ 4} = {6}

{1} ÷ {5} = {15} ÷ {5} = {15 ÷ 5} = {3}

= {50} ÷ {5} = {50 ÷ 5} = {10} = {3}
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(4/4)

� � �

.
• {a} = {a + kn}
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,
n ,

� �

,

�

.

� � � � � �

�

.
• n
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n ,
.
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� �

G = Z ,
a ≡ b ⇔ a − b n

�

,

�

.

�

� �

c, d

�

�

c ≡ d (mod n)

� �

.
� �

� �

.

a ≡ b, c ≡ d (mod n)

⇒ a + b ≡ c + d, ab ≡ cd (mod n)
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≡ =
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Fermat ( )(1/4)

� � Fermat� � .
.
1 p

�

.

� �

, m

mp−1 ≡ 1 (mod p)

.
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Fermat ( )(2/4)
. p = 7

�

m = 5�

.

5 · 1 ≡ 5 (mod 7)

5 · 2 ≡ 10 ≡ 3 (mod 7)

5 · 3 ≡ 1 (mod 7)

5 · 4 ≡ 6 (mod 7)

5 · 5 ≡ 4 (mod 7)

5 · 6 ≡ 2 (mod 7)

�

, 6!

�

,

57−1 · 6! ≡ 6! (mod 7) ⇒ 57−1 ≡ 1 (mod 7).
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Fermat ( )(3/4)
m

�

i = 1, . . . , p − 1 ,

m · i ≡ mi (mod p)

� �

.

� �

mi 1, . . . , p − 1� �

. mi ≡ mj
� �

,

mi ≡ mj ⇒ m · i ≡ m · j ⇒ i ≡ j

�

,

�

{mi} {1, . . . , p − 1}
.
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Fermat ( )(4/4)

�

, mi

�

,

(m · 1) · · · (m · (p − 1)) ≡ m1 · · ·mp−1 (mod p)

mp−1 · (p − 1)! ≡ (p − 1)! (mod p)

(p − 1)!
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,

mp−1 ≡ 1 (mod p)

.
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Euler
Fermat p�

.
2 n , φ

φ(n) := {1, . . . , n − 1} n

�

�

.

� �

, m ,

mφ(n)−1 ≡ 1 (mod n)

.
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