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(1/2)

X2 − NY 2 = m1, X2 − NY 2 = m2

(x1, y1) (x2, y2) ,

X2 − NY 2 = m1m2

(x1x2 + Ny1y2, x1y2 + x2y1)

� �

.

�

(x1, y1), (x2, y2)
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.


��� ��� ��

– Fermat

� ��� � ��� �

– – p. 6



(2/2)
. x2 − 21y2 = 4

�

,
(x, y) = (5, 1) .

� �

�

, (46, 10) ,

�

x2 − 21y2 = 16 . �

(23, 5) x2 − 21y2 = 4
�

.

� �

(5, 1)

�

(220, 48) ,
4 � (55, 12) x2 − 21y2 = 1

�

.
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Pell (1/11)
x2 − 13y2 = 1

�

.

• p0 = [
√

13] = 3, q0 = 1
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�
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�
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�
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�
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�

.
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�

�
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�
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Pell (3/11)
• (p3, q3) (7, 2)

�

(1, 1)

�

.

�

(p3, q3) = (11, 3)

�

�

, p2
3 − 13q2

3 = 4

�

.
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√
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� � .

√
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1
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1
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4

• (p4, q4) (11, 3)
�

(3, 1)

�

.

�

(p4, q4) = (18, 5)

�

�

, p2
4 − 13q2

4 = −1

�

.
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Pell (4/11)
•
√

13

� � .

√
13 = 3 +
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1

1+

1

6+

√
13 − 6
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• x2 − 13y2 = 1 ,
x2 − 13y2 = −1 (18, 5)

�

(649, 180)

�

.
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Pell (5/11)

� �

,

� � �

.

• p0 = [
√

N ], q0 = 1

� �

.

•
√

N n

�

√
N = a0 +

1

a1+

1

a2+
· · ·

1
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√
N − xn

mn

�

, (pn−1, qn−1)
�

(xn, 1)
(Pn, Qn)

�

.

�

.

(pn, qn) = (Pn/mn, Qn/mn)
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Pell (6/11)
(pn, qn)

�

.
, � (pn, qn)� � �

.
1 (1) p2

n−1 − Nq2
n−1 = (−1)nmn

(2) N − x2
n
, Qn, Pn mn

�

.
. . n = 1

�
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√
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0
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0

� �
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Pell (7/11)
p0 ≡ −x1 (mod m1)

�

,

N − x2

1 ≡ N − p2

0 ≡ 0 (mod m1)

Q1 ≡ p0 + x1q0 ≡ p0 − p0 · 1 ≡ 0 (mod m1)

�

.

�

P1

P 2

1 = NQ2

1 + (N − x2

1)m1

m1

� � �

.
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Pell (8/11)

�

n = k

�

.
√

N 1 Step

�

,

√
N = p0 +
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1

ak+

√
N − xk

mk

= p0 +
1

a1+
· · ·

1
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� � �
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Pell (9/11)

P 2

k
− NQ2

k
= (−1)k+1(N − x2

k
)mk

� �

(pk, qk) = (Pk/mk, Qk/mk)

p2

k
− Nq2

k
= (−1)k+1mk+1

. (2) ,

xk+1 ≡ −xk (mod mk+1)

� �

,

Pk = pk−1xk + Nqk−1, Qk = pk−1 + xkqk−1

.
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Pell (10/11)

N − x2

k+1 ≡ N − x2

k
(mod mk+1)

, mk+1 = (N − x2
k
)/mk

�

0
. xk+1 = −xk + lmk+1 ,

mkQk+1 = Pk + xk+1Qk = Pk − xkQk + lmk+1Qk

= (pk−1xk + Nqk−1) − xk(pk−1 + xkqk−1)

+lmk+1Qk

= (N − x2

k
)qk−1 + lmk+1Qk

= mkmk+1qk−1 + lmk+1Qk

Qk mk
�
, Qk+1 mk+1

�

. 2
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Pell (11/11)
,

�

(pn, qn)� �

,

� �

.

p2
n
− Nq2

n
= (−1)n+1mn mn

N − (xn)
2 . � (mn, xn)

.

�

(xn,mn)

�

, n

�

mn = 1
�

n

�

.
� �

n
, (pn, qn)

�

�

.

�

Pell
.

,

� �
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Pell (1/9)

� �

Fermat .

� � � � �

.

F0(X0, Y0) = X2
0 − NY 2

0

� �

.

� �

Fi(Xi, Yi), i = 1, 2, · · · .

(a) Fi(t, 1) = 0

�

mi

�

.

(b) Xi = miXi+1 + Yi+1, Yi = Xi+1

� �

.

(c) Fi+1(Xi+1, Yi+1) = −Fi(Xi, Yi)

�

.
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Pell (2/9)

� � �

,

Fi(Xi, Yi) = AX2

i
− 2BXiYi − CY 2

i

� �

,

Fi+1(Xi+1, Yi+1) = −(A(miXi+1 + Yi+1)
2

−2B(miXi+1 + Yi+1)Xi+1 − CX2

i+1)

= −(Am2

i
− 2Bmi − C)X2

i+1

−2(Ami − B)Xi+1Yi+1 − AY 2

i+1

�

.

� �

.
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Pell (3/9)
, F0(X0, Y0) = X2

0 − 7Y 2
0 Fi

�

�

. F0(t, 1) = 0
√

7
,

� �

2

� �
,

F1(X1, Y1) = 3X2

1 − 4X1Y1 − Y 2

1

�

. F1(t, 1) = 0

�

1 ,

F2(X2, Y2) = 2X2

2 − 2X2Y2 − 3Y 2

2 .

�

F2(t, 1) = 0

�

1 ,
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Pell (4/9)

F3(X3, Y3) = 3X2

3 − 2X3Y3 − 2Y 2

3

�

. F3(t, 1) = 0
�

1 ,

F4(X4, Y4) = X2

4 − 4X4Y4 − 3Y 2

4

�

.

� �

F0(X0, Y0) = 1 (u0, v0)

�

�

.

� �

(u0, v0) = (2u1 + v1, u1)

�

(u1, v1) ,

F1(u1, v1) = −1

. 
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Pell (5/9)
(u1, v1) = (u2 + v2, u2)

�

,

F2(u2, v2) = 1

.

�

(u2, v2) = (u3 + v3, u3)

�

,
F3(u3, v3) = −1

, (u3, v3) = (u4 + v4, u4)

� � �

F4(u4, v4) = 1

.

� �
F4(X4, Y4) = 1

(1, 0)

�

.
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Pell (6/9)

�

(u4, v4) = (1, 0)

� � �

,

(u3, v3) = (1 + 0, 1)

(u2, v2) = (1 + 1, 1)

(u1, v1) = (2 + 1, 2)

(u0, v0) = (2 · 3 + 2, 3) = (8, 3)

� �

, x2 − 7y2 = 1 .

. x2 − 17y2 = 1

�

.

F0(X0, Y0) = X2
0 − 17Y 2

0

.
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Pell (7/9)
F0(t, 1) = 0

�

4
,

X0 = 4X1 + Y1, Y0 = X1

�

,

F1(X1, Y1) = X2

1 − 8X1Y1 − Y 2

1

F1(t, 1) = 0
�

8 ,

F2(X2, Y2) = X2

2 − 8X2Y2 − Y 2

2

�

.

� �

F0(u0, v0) = 1

�

(u0, v0)� �

, 
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Pell (8/9)
(u0, v0) = (4u1 + v1, u1)

�

,

F1(u1, v1) = −1

, (u1, v1) = (8u2 + v2, u2)

�

,

F2(u2, v2) = 1

.

� �

F2(X2, Y2) = 1 (1, 0)

�

, (u2, v2) = (1, 0)
�

,

(u2, v2) = (1, 0)

(u1, v1) = (8, 1)

(u0, v0) = (4 · 8 + 1, 8) = (33, 8)
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Pell (9/9)
(u0, v0) = (33, 8) x2 − 17y2 = 1

�

�
.

. F1(X1, Y1) = X2
1 − 8X1Y1 − Y 2

1 = −1
(X1, Y1) = (0, 1)

�

,
�

. .

. x2 − 35y2 = 1

.
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