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(1/5)
• Fermat Case I

�

Case II .
• Case I xp + yp = zp x, y, z x, y, z

p

�

,
� �

.
• Case II xp + yp = zp x, y, z

x, y, z

� � � � �
p

�

,

� � � �

.
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(2/5)
• l

�

, ζ = exp(2πi/l)

�

. zl = 1
(Euler ).

• f(ζ)

�

a0 + a1ζ + a2ζ
2 + · · · + al−1ζ

l−1

�

.
• ,

�

�

.
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(3/5)
•

� � �

.

� �

,

� �

.

1 xp + yp = zp x, y, z
x, y, z p

�

�

.

� �

, .

x ≡ y (mod p)

•

�

xp + yp = zp

xp + (−z)p = (−y)p

� �

,

�

�

.

x ≡ −z (mod p)
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(4/5)
• � .

xp + yp = zp

xp + xp
≡ (−x)p (mod p)

x + x ≡ −x (mod p)

3x ≡ 0 (mod p)

Fermat

� �

.


��� ��� ��

– Fermat

� ��� � ��� �

– – p. 5



(5/5)
• p

�

, x p

�

,

3 ≡ 0 (mod p)

�

p = 3 , x3 + y3 = z3

� �

�

, .
•

� �

Fermat Case I (Case II�

). , �

� !
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(1/11)
ζ 1 l , ζ = exp(2πi/l)

� �
.

f(ζ)

�

Nf(ζ)�

.

Nf(ζ) = f(ζ)f(ζ2) · · · f(ζ l−1)

� �

l = 5

� �

.
1 f(ζ) = 3ζ3 + 4ζ2 + 7ζ + 1 Nf(ζ)

.
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(2/11)

� �

. ζ
ζ2

x4 + x3 + x2 + x + 1 = 0

. ,

x2 + x + 1 +
1

x
+

1

x2
= 0

(

x2 + 2 +
1

x2

)

+

(

x +
1

x

)

− 1 = 0

(

x +
1

x

)2

+

(

x +
1

x

)

− 1 = 0
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(3/11)
ζ ζ2

�

,

(ζ + ζ−1)2 + (ζ + ζ−1) − 1 = 0

(ζ2 + ζ−2)2 + (ζ2 + ζ−2) − 1 = 0

�

ζ + ζ−1 ζ2 + ζ−2

X2 + X − 1 = 0

�

.
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(4/11)
.

Nf(ζ) = f(ζ)f(ζ2)f(ζ3)f(ζ4)

= (f(ζ) · f(ζ4))(f(ζ2) · f(ζ3))

�

, f(ζ)f(ζ4) .
f(ζ) = 3ζ3 + 4ζ2 + 7ζ + 1 ,

f(ζ4) = 3ζ12 + 4ζ8 + 7ζ4 + 1

= 7ζ4 + 4ζ3 + 3ζ2 + 1

� � �

.
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(5/11)
0 3 4 7 1
7 4 3 0 1
0 3 4 7 1

12 21 3 0 9
28 4 0 12 16
7 0 21 28 49

47 28 28 47 75
19 0 0 19 47

.

f(ζ)f(ζ4) = 19ζ4 + 19ζ + 47
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(6/11)

f(ζ)f(ζ4) = 19ζ4 + 19ζ + 47

ζ ζ2

� �

,

f(ζ2)f(ζ8) = 19(ζ2)4 + 19ζ2 + 47

f(ζ2)f(ζ3) = 19ζ3 + 19ζ2 + 47

.

� �

X0 = ζ + ζ4, X1 = ζ2 + ζ3

�

,
X0, X1 f(ζ)f(ζ4), f(ζ2)f(ζ3)

�

,

�

.

f(ζ)f(ζ4) = 19X0 + 47, f(ζ2)f(ζ3) = 19X1 + 47
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(7/11)
X0, X1

X2 + X − 1 = 0

� ,

Nf(ζ) = f(ζ)f(ζ4) · f(ζ2)f(ζ3)

= (19X0 + 47)(19X1 + 47)

= 361X0X1 + 893(X0 + X1) + 2209

= −361 − 893 + 2209

= 955

.

�

�

� �
.
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(8/11)
2 g(ζ) = ζ4 + ζ2 + 1

�

Ng(ζ)
.
.

� �

Ng(ζ) = g(ζ)g(ζ4) · g(ζ2)g(ζ3)

�

, g(ζ)g(ζ4) .

g(ζ4) = ζ16 + ζ8 + 1 = ζ + ζ3 + 1

�

.
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(9/11)
1 0 1 0 1
0 1 0 1 1
1 0 1 0 1
0 1 0 1 1
0 1 1 0 1
1 2 2 1 3
-1 0 0 -1 1

g(ζ)g(ζ4) = −ζ4
− ζ + 1

.
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(10/11)

g(ζ)g(ζ4) = −ζ4
− ζ + 1

ζ ζ2

� �

,

g(ζ2)g(ζ8) = −ζ8
− ζ2 + 1

g(ζ2)g(ζ3) = −ζ3
− ζ2 + 1

.
X0 = ζ + ζ4, X1 = ζ2 + ζ3

�

,

�

,

�

.

g(ζ)g(ζ4) = −X0 + 1, g(ζ2)g(ζ3) = −X1 + 1
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(11/11)

�

Ng(ζ) = g(ζ)g(ζ4)g(ζ2)g(ζ3)

= (−X0 + 1)(−X1 + 1)

= X0X1 − (X0 + X1) + 1

�

, X0, X1

X2 + X − 1 = 0

,

�
Ng(ζ) = −1 − (−1) + 1 = 1


 �� � �� ��

– Fermat

� �� � � �� �

– – p. 17



p (1/15)

� �

p
� �

.
3 ζ = exp(2πi/5)

�

. 11 Z[ζ]
.

.

�

.

x5
≡ 1 (mod 11).

�

x = −2�

.

�

f(ζ) = ζ + 2

� �

.
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p (2/15)
f(ζ)

�

.

�

f(ζ)f(ζ4)

�

,

f(ζ)f(ζ4) = (ζ + 2)(ζ4 + 2)

= 1 + 2(ζ + ζ4) + 4

= 5 + 2(ζ + ζ4)

�

. ζ ζ2

� �

,

f(ζ2)f(ζ3) = 5 + 2(ζ2 + ζ3)

.
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p (3/15)
X0 = ζ + ζ4, X1 = ζ2 + ζ3

�

,�

,

f(ζ)f(ζ4) = 5 + 2X0, f(ζ2)f(ζ3) = 5 + 2X1

�

. X0, X1

X2 + X − 1 = 0

,

�

,

X0 + X1 = −1, X0X1 = −1
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p (4/15)

�

Nf(ζ) = (5 + 2X0)(5 + 2X1)

= 25 + 10(X0 + X1) + 4X0X1

= 25 − 10 − 4 = 11

� � �

,

(ζ + 2)(ζ2 + 2)(ζ3 + 2)(ζ4 + 2) = 11

� � � �

. 2
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p (5/15)
4 ζ = exp(2πi/5)

�

. 31 Z[ζ]
.

.

�

.

x5
≡ 1 (mod 31).

�

x = 2�

.

�

f(ζ) = ζ − 2

� �

.
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p (6/15)
f(ζ)

�

.

�

f(ζ)f(ζ4)

�

,

f(ζ)f(ζ4) = (ζ − 2)(ζ4
− 2)

= 1 − 2(ζ + ζ4) + 4

= 5 − 2(ζ + ζ4)

�

. ζ ζ2

� �

,

f(ζ2)f(ζ3) = 5 − 2(ζ2 + ζ3)

.


 �� � �� ��

– Fermat

� �� � � �� �

– – p. 23



p (7/15)
X0 = ζ + ζ4, X1 = ζ2 + ζ3

�

,�

,

f(ζ)f(ζ4) = 5 − 2X0, f(ζ2)f(ζ3) = 5 − 2X1

�

. X0, X1

X2 + X − 1 = 0

,

�

,

X0 + X1 = −1, X0X1 = −1
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p (8/15)

�

Nf(ζ) = (5 − 2X0)(5 − 2X1)

= 25 − 10(X0 + X1) + 4X0X1

= 25 + 10 − 4 = 31

� � �

,

(ζ − 2)(ζ2
− 2)(ζ3

− 2)(ζ4
− 2) = 31

� � � �

. 2
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p (9/15)
5 ζ = exp(2πi/5)

�

. 41 Z[ζ]
.

.

� �

,

x5
≡ 1 (mod 41)

� �

x = −4

�

.

�

f(ζ) = ζ + 4

� � �

,

Nf(ζ) = 205

� �

41
�

.
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p (10/15)

�

,�

. −4 ≡ (mod 41)

� �

.

−4, (−4)2, (−4)3
≡ −23, (−4)4

≡ 10

(−4)4 + 2 · (−4) − 2 ≡ 0 (mod 41)

�

.

�

f(ζ) = ζ4 + 2ζ − 2

� �

. f(ζ)f(ζ4)

�

,
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p (11/15)
1 0 0 2 -2
2 0 0 1 -2
-2 0 0 -4 4
0 0 2 -2 1
-4 2 0 0 4
-6 2 2 -6 9
-8 0 0 -8 7

�

f(ζ)f(ζ4) = −8(ζ4 + ζ) + 7

� ζ ζ2 ,

f(ζ2)f(ζ3) = −8(ζ2 + ζ3) + 7
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p (12/15)

Nf(ζ) = (−8(ζ + ζ4) + 7)(−8(ζ2 + ζ3) + 7)

= 64(ζ + ζ4)(ζ2 + ζ3)

−56(ζ + ζ4 + ζ2 + ζ3) + 49

= 41

� �

,

�

41

41 = (ζ4+2ζ−2)(2ζ4+ζ−2)(ζ3+2ζ2
−2)(2ζ3+ζ2

−2)

.
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p (13/15)

� �

�

� �

�

.
6 l , ζ = exp(2πi/l)

�

.
p p ≡ 1 (mod l) Z[ζ] .

� � �

,
• xl ≡ 1 (mod p) �

k

�

.
•

l−1
∑

i=0

aik
i
≡ 0 (mod p)

ai, 0 ≤ i ≤ l − 1 .
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p (14/15)
• ai ,

f(ζ) =
l−1
∑

i=0

aiζ
i

� �

.
•

�

,

Nf(ζ) = p

�

.
�

ai

�

.
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p (15/15)
• Kummer

�

l ≤ 23, p < 1000
�

� .

�

.
•

�

,

� � �

� .

1 l = 23

�

.

� �
47

�

.
• ,

�

Kummer

�

�

,�

.
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